
Pseudo Two-Dimensional Modeling of Sediment Build-Up
in Centrifuges: A Compartment Approach Using

Compressional Rheology

Lars E. Spelter and Hermann Nirschl
Institute for Mechanical Process Engineering and Mechanics, Karlsruhe Institute of Technology, Campus Sued,

Strasse am Forum 8, 76131 Karlsruhe, Germany

Anthony D. Stickland and Peter J. Scales
Particulate Fluids Processing Centre, Dept. of Chemical and Biomolecular Engineering, The University of

Melbourne, Parkville, Australia

DOI 10.1002/aic.14115
Published online May 1, 2013 in Wiley Online Library (wileyonlinelibrary.com)

Both a new modeling approach and new experimental data for the sediment build-up in centrifuges are presented. In
semibatch apparatus, the suspension is continuously fed to the centrifuge, separating the particles inside the rotor and
discharging the clarified liquid. The solid phase is removed once the capacity of the centrifuge is reached. The solids
fraction of the sediment depends on the rheological properties of the cake. The sediment growth and consolidation
throughout the process can be calculated using a pseudo two-dimensional approach that takes into account particle-size
dependent settling, sediment compressibility, the centrifugal force field, and the geometry of the bowl. The predictions of
the separation behavior and the particle-size distributions of the sediment and overflow are compared with experimen-
tally obtained results, showing improved accuracy when compared to simpler models. The model presented is applicable
to all solid-bowl centrifuges without conveying systems. VC 2013 American Institute of Chemical Engineers AIChE J, 59:

3843–3855, 2013
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Introduction

The separation of particulates that are dispersed in a con-
tinuous phase is an important unit operation in various indus-
trial processes. Centrifuges are found in the minerals,1 food
processing,2 and pharmaceutical industries.3 There are two
basic principles: continuous and batch centrifugation. While
in continuous apparatus, such as decanting centrifuges both
the solid and liquid phases are processed continuously, in
batch centrifuges the solids accumulate at the wall of the
rotor and have to be removed when then solids capacity is
reached. In semibatch centrifuges, such as tubular-bowl cen-
trifuges, the solids accumulate at the rotor wall and suspen-
sion is fed continuously. The clarified liquid leaves the
centrifuge during the batch via an overflow weir. The sedi-
ment build-up has a significant influence on the process out-
come during the semibatch, because the residence time is
reduced by the accumulating solids.4 It is important to cap-
ture the real sediment build-up, because the flow pattern is
influenced by the sediment growth. Depending on whether
the sediment is plug shaped or homogeneously distributed

over the rotor, the interaction between settled solids and
flow will be different.

For incompressible products, where the concentration is
independent of pressure, the process efficiency can be calcu-
lated using an approach developed by Stahl et al.5 A good
agreement was reported for high separation efficiency and
coarse products. The model is based on the assumption that
all particles coarser than the cut size are separated in the
centrifuge and settle close behind the inlet. Thus, a plug-
shaped sediment is formed. A distribution of the particles in
the flow and slumping and consolidating of the sediment in
the axial and radial directions are not considered. Their ex-
perimental observations and further investigations by the
authors determined a conical shape of the sediment rather
than a plug-shaped one.4,5 The differences between the mod-
eled and observed sediment build-up are caused by the vary-
ing settling path of particles with different sizes and
different initial radial positions in the flow. The sediment
angle decreases with lower separation efficiency, because the
particles settle along the entire length of the rotor.4 If the cut
size of the centrifuge exceeds the mean particle size of the
dispersed solids, the sediment angle tends to be less than
10�. These effects are not captured by the previously pub-
lished model by Stahl et al. and the error of the existing
model increases significantly due to the disagreement
between assumed and observed sediment profile. In later
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versions of the model, a sediment angle was implemented in
the calculations, which improved the accuracy, but the angle
has to be determined experimentally by photographs or mag-
netic resonance imaging (MRI). The effort to gain reliable
data for the sediment angle is extensive.

A new approach that requires only material functions that
can be obtained by well-established experiments may lead to
a generally applicable simulation model. The distribution of
the particles in the flow as well as the individual settling
path of each particle size has to be taken into account. The
new theory presented also includes the approach of Buscall
and White6 and Landman and White7 to describe the consol-
idation of the cake or sediment due to a compressional load.
This approach has been used previously for the one-dimen-
sional (1-D) calculation of the consolidation of various cakes
under the influence of the gravitational field of the earth8

and centrifugal acceleration.9–12

Theory

The sediment build-up is calculated by determining the
settling path of the particles entering the centrifuge. The par-
ticles are homogeneously distributed over the cross-section
of the inlet, which exhibits an axial flow velocity. The par-
ticles are dragged with the flow toward the outlet and settle
in the radial direction toward the bowl wall. Unhindered set-
tling of the particles and negligible yielding or slumping of
the formed sediment in the axial direction are assumed. The
separated particles are allocated to different compartments,
depending on the axial component of the settling path, as
depicted in Figure 1. Each compartment accounts for 2% of
the overall length of the rotor. The settling paths of two par-
ticles of different size are illustrated below the centrifuge
axis. According to their different settling paths, the particles
are allocated to a different compartment with the width Dl.

By integrating the sediment volume for the time of the
semibatch process, the transient sediment build-up is calcu-
lated. By knowing the distribution of the solids, it is possible
to predict the interaction of the sediment with the flow pat-
tern. Furthermore, the consolidation of the settled particles is
determined by compressional rheology using a 1-D approach
on each compartment. The scheme of the model is explained
in the following section, beginning with the determination of
the distribution of the particles in the centrifuge, followed by
the compressional model and the application of the 1-D
approach on the two-dimensional case. The model proposed
is applicable to solid-bowl centrifuges without internal con-
veying systems, because the fluid motion in conveying cen-
trifuges requires a three-dimensional (3-D) approach.

Two-dimensional model

Two subsequent steps are taken in each time interval Dt.
At first, the distribution of the solids throughout the rotor is
determined. In a subsequent step, the consolidation of the
sediment is calculated. For the prediction of the consolida-
tion, a transient or equilibrium solution may be used.

Determination of the Distribution of the Solids. The basis
for the calculation of the settling of the solids in the rotor of
the centrifuge is the Stokesian settling velocity w, Eq. 1. The
sedimentation velocity of a spherical particle of diameter x
depends on the density difference Dq between the solids and
the liquid, the viscosity of the liquid g, the radial position r in
respect to the rotational axis, and the rotational speed n.

w5
Dq � x2 � 2�p�n

60

� �2 � r
18 � g (1)

Eq. 1 is applicable for the unhindered settling of a single
particle and a laminar flow around the particle. The particle
Reynolds number has been calculated in a previous work

Figure 1. Flow pattern in solid-bowl centrifuges with overflow weir.
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showing that the Stokesian approach is applicable to the parti-
cle-systems and operating parameters used here.4 With
increasing solids concentration, the settling velocity decreases
due to the reduced free cross-sectional area. Whilst dilute sus-
pensions with unhindered settling are used here, hindered set-
tling can be implemented if necessary.13,14

The settling of the particles in a centrifuge with a rotor
length of L0 first takes place in a boundary layer flow,
where there is strong axial flow. Once the particles have
passed this layer, they enter a region in which the axial
velocity is one or more orders of magnitude less than in
the boundary layer. Therefore, this region is considered as
a stagnant pool. A scheme explaining the flow pattern is
shown in Figure 1.

The formation of boundary layer flow in centrifugation
has been confirmed in solid-bowl,15,16 low-speed,17,18 and
high-speed tubular bowl centrifuges,4 and is widely accepted
in the solid–liquid separations community.19,20 The relative
width of the boundary layer W is the ratio between layer
width dflow (rboundary 2 rweir) and pool depth dpool

W5
dflow

dpool

(2)

and depends on the rotational speed, the viscosity of the liq-
uid and the geometry of the feed system. The boundary layer
width must be determined from measurement or fluid dy-
namics modeling. Considering this flow pattern, Eq. 1 is
integrated from the radius of the pool surface rweir to the ra-
dius of the boundary layer flow rboundary, Eq. 3.

dr

dt
5

Dq � x2 � 2�p�n
60

� �2 � r
18 � g )

ðrboundary

rweir

1

r
dr5

ðt
0

Dq � x2 � 2�p�n
60

� �2

18 � g dt

(3)

The resulting expression of the integration of the Stoke-
sian settling velocity over the width of the boundary layer
flow can be rearranged to obtain the settling time t

ln
rboundary

rweir

� �
5

Dq � x2 � 2�p�n
60

� �2

18 � g � t) t5
ln

rboundary

rweir

� �
� 18 � g

Dq � x2 � 2�p�n
60

� �2

(4)

With the settling time, the axial component L of the settling
path can be determined by equating the residence time s

s5
V
_V

5
L

v
(5)with the settling time

s 5t) L

v
5

ln
rboundary

rweir

� �
� 18 � g

Dq � x2 � 2�p�n
60

� �2

) L5
ln

rboundary

rweir

� �
� 18 � g � v

Dq � x2 � 2�p�n
60

� �2

(6)

The residence time depends on the throughput _V and the
capacity of the centrifuge V. The throughput can be substituted
by the axial fluid velocity v in the boundary layer and the
cross-sectional area and the volume by the same cross-
sectional area and the length. This leads to the right side of
Eq. 5. The axial velocity of the particle is determined by the
flow profile in the centrifuge. As mentioned before, a boundary

layer flow was observed in this type of centrifuge. Measure-
ments of the residence time yielded a change in flow pattern
with increasing fill level.21 The initial width of the boundary
layer when there is no sediment (i.e., at a fill level of 0%)
decreases after most of the cross-section is blocked by the
sediment (see Figure 20). A blockage close to the inlet is suffi-
cient to change the overall width throughout the remaining
length of the rotor. Hence, the flow profile is calculated with
respect to the fill level. With increasing fill level, the width of
the boundary layer flow is reduced till the minimum thickness
is reached, which was between 2 and 30 mm (14–32% of the
pool depth) depending on the type of centrifuge and the opera-
tional parameters.

The axial component of the settling path has to be calcu-
lated for each particle size occurring in the suspension. By
doing so, the distribution of solids in the cylinder is accessi-
ble. The sum size distribution Q3(x) determines the amount of
solids in each interval Dx. By applying Eq. 7, the volume of
solids with the particle size x is calculated and deposited at
the determined axial position. It depends on the volume flux,
the solids fraction of the feed cV and the time interval Dt.

V5 _V � cv � Dt (7)

The flow profile as a function of the radial position at the
inlet is taken into account by dividing the boundary layer in
k slices. Instead of using a constant flow velocity as depicted
in Figure 2a, each slice with the width s may have a differ-
ent flow velocity, as shown in Figure 2b. With the discre-
tized width of the flow, it is possible to model either a
distribution of solids close to the liquid–gas interface as
shown in Figure 2c or a homogeneous distribution of the sol-
ids over all slices as depicted in Figure 2d. As the practical
case will be a combination of the cases b and d, for the sim-
ulations presented the volume of solids V that enters the cen-
trifuge is distributed over all slices that exhibit different
axial flow velocities, as shown in Figure 2e. With a constant
slice thickness, the area of each slice increases due to the cy-
lindrical shape. The distribution of the solids is weighted by
the increase of area so that the solids concentration in each
layer is constant

Vj5
Aki

Aboundaryflow

� V (8)

with

Aboundary flow 5p � r2
boundary2r2

weir

� �
(9)

The axial component L of the settling path is then calcu-
lated for all particle sizes in each layer subsequently. The
result of these calculations is the vector of the axial compo-
nent of the settling path and the volume of solids for each
particle size for each slice. The radial distribution of par-
ticles at the inlet of the centrifuge and the calculation of the
settling path of all particles beginning from different posi-
tions is contrary to most models that describe the settling
path of a particle in a centrifuge.22–24 The proposed slice
approach is able to describe the experimentally observed
effect that, for a separation efficiency of 50%, the particle-
size distributions of the sediment and the feed are similar,
whereas the overflow contains essentially just fine par-
ticles.5,25 The presence of significant fractions of fine partic-
ulates in the sediment is explainable by the distribution of
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the solids over the cross-sectional area of the boundary layer
flow. For example, a fine particle entering the centrifuge
close to the interface between boundary layer flow and stag-
nant sublayer will quickly enter the stagnant pool and settle
to the wall, whereas a fine particle entering at the interface
between gas and liquid will travel further. Therefore, the
particle-size distribution of the sediment exhibits no consid-
erable segregation in axial and radial coordinate. This is
disadvantageous for classification tasks. If a narrow particle-
size distribution of the classified product is desired, the pro-
cess parameters will need adjustment so that only the fine
particulates close to the interface between gas and liquid are
discharged via the overflow weir. By doing so, the overflow
fraction will exhibit a narrow particle-size distribution, as
confirmed experimentally.25

Some authors explained the occurrence of fine particles in
the coarse fraction by the fish-hook effect,26,27 which, to the
opinion of the authors, may not be the case, especially in
centrifuges. The rarely observed fish-hook effect is a phe-
nomenon that has been observed in small hydrocyclones.
The effect is explained by turbulent flow pattern28 with Re-
particle-numbers above 0.5 up to 25. The particle Re-number
in centrifuges is significantly higher, because the centrifugal
force is created by the rotating liquid and not by the fluid
flow as it is the case for hydrocyclones. Hence, the “fish-
hook effect” will not occur in centrifuges but may be caused
by improper particle-size techniques29 and the distribution of
particles in the flow as mentioned before. Furthermore, the
fine particles are underweighted in most particle sizers and
the confidence level of the data is low due to the lower parti-
cle number.

For small particles in a slice close to the surface of the
pool, the calculated axial sedimentation path may exceed the
length of the rotor. In this case, these particles are not

separated and not further included in the calculation of the
sediment build-up in the actual time step. The remaining par-
ticles are allocated to a corresponding position l in the cen-
trifuge. With the particle-size distribution of the product, the
volume corresponding to each particle size Vx is calculated
from

Vj;x i5Vj � Q3 xi11ð Þ2Q3 xið Þð Þ (10)

By this, the volume of solids in each interval Dl over the
entire length L0 is determined

Vsolids 5
Xk

d51

Vj;x i (11)

With the distribution of the volume in the rotor the radius
of the sediment is calculated with

rsed 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

bowl 2Vsolids

Dl � p

r
(12)

Once the radius of the sediment in a section Dl (see
Figure 1) is equal to the radius of the boundary layer flow
rboundary, no further sedimentation of particles is possible.
When necessary, the consolidation of the sediment in each
compartment is calculated prior to determining the fill level
of the compartments. If particles are allocated in the same
timestep to compartments that already reached their capacity,
they will be conveyed to the subsequent compartment, until
all particles are either deposited in a compartment with
capacity or are swept out of the centrifuge. The separation
efficiency in a specific timestep is thus the mass balance of
particles that are swept out of the centrifuge and the particles

Figure 2. Distribution of the solids in the flow.

(a) plug flow profile, (b) parabolic flow profile, (c) distribution of solids close to rotational axis, (d) distribution throughout bound-

ary layer, and (e) combination of flow profile and distribution of solids as proposed by the authors.

3846 DOI 10.1002/aic Published on behalf of the AIChE October 2013 Vol. 59, No. 10 AIChE Journal



in the fed suspension at this very moment (see Figure 15).
The separation efficiency for each particle size gives the
grade efficiency (see Figure 21).

The timestep necessary for a detailed prediction of the
sediment shape depends on the volume flow, material and
solids concentration of the feed. It was set to one second,
which is sufficient for the suspensions and operational pa-
rameters that are analyzed. The length of the full section Lfull

is defined by the distance between inlet and the axial posi-
tion of the last compartment that reached its maximum
capacity. This length is added to the calculated axial compo-
nent of the settling path in the next timestep

L05L1Lfull (13)

Equation 13 accounts for the experimentally observed
decrease of separation efficiency with increasing fill level U,
because the residence time decreases with increasing Lfull

acc. to Eq. 5. The cut size increases with lower residence
times (see Eq. 6). The fill level U is defined as the relation-
ship between the accumulated solids volume to the capacity
of the centrifuge Vcap

U5
Lfull

L0

5
Vsolids

Vcap

(14)

Consolidation Model. The compressibility of the sedi-
ment is taken into account using the compressional rheology
approach of Buscall and White.6 In this approach, the par-
ticles in the sediment form a continuous network such that
the solid phase is able to transmit stress. The local volume
fraction of the particulate network in each compartment is a
function of radius and time, /(r, t). The network has a com-
pressive strength, py(/), at concentrations above the gel
point, /g, and will consolidate if the local network stress
exceeds py(/). py(/) is often described using a power-law
function7 such as

py /ð Þ5p1

/
/g

 !p2

21

" #
(15)

where p1 and p2 are experimentally determined fitting
parameters.

The rate of consolidation is determined from the hindered
settling function, R(/), which accounts for the solid–liquid
drag. R(/) is the resistance of flow through the network and
is inversely proportional to permeability. R(0) is the Stokes
drag coefficient at an infinite dilution. As with py(/), R(/) is
also commonly given as a power-law function7

R /ð Þ5r1 12/ð Þr2 (16)

In the approach of Buscall and White,6 the consolidation
of the network is described by the momentum balance of
hydrodynamic, hydrostatic, network pressure, and accelera-
tion forces acting on a local volume element of suspension.
This approach has been used successfully to model various
filtration, sedimentation, and centrifugation applications.

Consolidation in Each Compartment. The consolidation
of the accumulated solids is calculated in each compartment
at each timestep using the approach of Stickland et al.9 This
is performed in parallel with the particle trajectory calcula-
tions described earlier. The initially unconsolidated height of
solids in the sediment of each compartment is given by the

particle trajectory calculations and is assumed to be at the
gel point, thus /0 5 /g.

All variables are dimensionless based on the geometry of
the centrifuge and the operational parameters such as the
centrifugal force in order to set the initial time and length
steps. The radius is made dimensionless with the radius of
the bowl

Z512
r2

r2
bowl

(17)

where Z is the scaled coordinate. The compressive strength
is scaled by the centrifugal acceleration to give Py(/)

Py /ð Þ5 py /ð Þ
p� 5

py /ð Þ
Dqx2r2

bowl

(18)

R(/) is scaled with the hindered settling of the initial con-
centration to give B(/)

B /ð Þ5 R /ð Þ
12/ð Þ2

12/0ð Þ2

R /0ð Þ
(19)

Subsequently, the appropriate scaled time T for the consol-
idation is

T5
2Dqx2 12/0ð Þ2

R /0ð Þ
t (20)

The solids velocity, u(r, t), is scaled to give w(Z, T)

w Z; Tð Þ5 R /0ð Þ
Dqx2r2

bowl 12/0ð Þ2
r/u (21)

With these scaling, the governing equations are

@/
@Z

52
1

D /ð Þ
/

B /ð Þ2
w

12Z

	 

(22)

@w
@Z

5
@/
@T

(23)

where D(/) is the scaled solids diffusivity

D /ð Þ5 dPy /ð Þ
d/

1

B /ð Þ (24)

The full transient solution within each compartment is
given by the numerical solution of Eqs. 20 and 21 from the
bowl wall, w(0, T) 5 0, to the top of the sediment, /(Zsed,
T) 5 /g. See Stickland et al.,9 for full details of the numeri-
cal scheme.

If the consolidation is relatively fast compared to the sedi-
mentation, then there is no need to calculate the full transient
solution. The equilibrium solution for the given solids vol-
ume can be used instead, saving considerable calculation
time. Setting the velocity to 0 in Eq. 22 gives

d/
dZ

52/
d/

dPy /ð Þ (25)

The boundary conditions for this ordinary differential
equation are /(0) and /(Zc) 5 /g, where /(0) is given by
the global conservation of mass

Py / 0ð Þ½ �5Zsed/0 (26)

Zsed is the initial scaled height of the sediment.
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Consolidation in the Compartment Approach. The con-
solidation of the accumulated solids is calculated in each
timestep. When simulating the consolidation in all segments
Dl, the computational demand increases linearly. Applying
the equilibrium solution of the sediment consolidation
reduces the computational costs by >98%. Hence, it is ad-
vantageous to compare the transient solution at the time
where all solids have settled with the equilibrium profile. If
the difference between transient and equilibrium solution is
negligible, the equilibrium solution is used.

The consolidated sediment build-up is calculated parallel
to the nonconsolidated one. For the calculation of the consol-
idation in each timestep, the actual height rsed (from Eq. 12)
from the unconsolidated sediment is taken as the initial con-
dition. Therefore, provided the equilibrium solution can be
used, it is not necessary to take the state of the compressed
sediment in the timestep before into account. This reduces
the computational demand and the comparison between con-
solidated and nonconsolidated sediment is possible for each
timestep. The fill level is determined via the consolidated
sediment height.

Centrifuges and materials

Centrifuges. The sediment build-up is calculated for the
separation and screening in a tubular bowl and an industrial
solid-bowl centrifuge. The centrifuges are both semibatch
apparatuses. The geometries of the different rotors are shown
in Figure 3.

The tubular-bowl centrifuge has a solids capacity of 250
mL. The maximum rotational speed of the tubular centrifuge
is 40,000 rpm, creating the multiple of the earth gravitational
field G of 38,700. The length of the cylindrical section of
the rotor measures 175 mm, the inlet section equals 28 mm.
The radius of the inner wall of the rotor equals 21.5 mm.
The suspension enters the tubular centrifuge via a nozzle
through the bottom end of the cylinder, which has a radius
of 3.9 mm, and is accelerated via rotating blades, which are
10-mm high. The clarified liquid leaves the centrifuge via an
overflow weir that has a radius of 7.3 mm. The turbulent
inlet zone in the tubular centrifuge creates a boundary layer

flow with a higher relative width than the industrial feeder.
The liquid is fed on top of a stabilized rotating pool in the
industrial centrifuge that reduces mixing significantly. The
four blades in the inlet section of the tubular centrifuge mix
the incoming liquid partially with the rotating pool. Once the
inlet is blocked with sediment, a profile similar to the one in
the industrial centrifuge is developed. The exact profile has
been determined by computational fluid dynamics (CFD)
simulations25,30 and measurements of the residence time for
different process conditions.

The solids capacity of the industrial centrifuge is 12 kg
and, thus, significantly higher than the capacity of the tubular-
bowl centrifuge. The industrial apparatus reaches 2550 rpm
creating 1780 G at the outer diameter of the rotor. The shape
of the rotor changes at a height of 191 mm and a radius of
247 mm. The overall length of the centrifuges rotor equals
364 mm. The maximum inner radius of the rotor is 263 mm.
The suspension is fed via a rotating cone 59 mm above the
lower end of the rotating liquid. The free jet leaves the feeder
at a radius of 117 mm. The liquid is discharged via an over-
flow weir with a radius of 168 mm.

Experimental results using these two centrifuges are com-
pared with model calculations based on material properties
and operating conditions to validate the accuracy of the
model and the assumptions of Stokesian settling and rigid
behavior of the sediment in an axial direction.

Materials. Four different materials were used in this
study. Submicron-sized silica (Aerosil 200, Evonik Indus-
tries), Kaolin (Sparky GmbH), and yeast cells (B€ako) exhibit
slow settling velocities due to their size and density and are
thus difficult to separate in centrifuges. This has been shown
in previous studies.4 These products are used for the compar-
ison of the predicted and measured process characteristics of
the tubular-bowl centrifuge. Coarser quartz (SF 800, Quarz-
werke GmbH) is used for the validation of the prediction of
the separation efficiency of the industrial solid-bowl centri-
fuge. The cumulative particle-size distributions by mass
Q3(x) of the products are shown in Figure 4. The mean di-
ameter is 108 nm for the Aerosil 200, 2.1 mm for the SF
800, 3.9 mm for the yeast cells, and 1.8 mm for the Kaolin.

Compressive Strength and Hindered Settling Function.
The compressive strength py(/) (so far stated as compressive
yield stress) and the hindered settling function R(/) were
determined using filtration and sedimentation methods.31

Figure 3. Cross-sectional views.

(a) tubular centrifuge and (b) industrial solid-bowl

centrifuge.

Figure 4. Particle-size distributions of the products
used for model validation.
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Figure 5 shows the relationship between solids concentration
of the sediment and the applied piston pressure for Aerosil
200 and yeast. The experimental data are fitted with Eq. 15
to obtain the parameters p1 and p2 of the compressive
strength function. The gel point of Aerosil 200 was deter-
mined by a rheometer type Haake Mars II4 and the gel point
of the yeast suspension was determined by settling tests.32

The experimentally determined parameters of the com-
pressive strength and the parameters of the hindered settling
function are given in Table 1.

The hindered settling function characterizes the increase
of the resistance that slows down the settling and consolida-
tion process with rising solids volume fraction. Figure 6
shows the experimentally determined settling velocity and
the hindered settling function of yeast cells with a mean di-
ameter of 4.1 mm. The settling velocity has been measured
in an analytical centrifuge type LUMiFuge and is normalized
with the Stokesian settling velocity.

The solids volume fraction of the yeast suspension in the
experiments was 0.5 vol %. The influence of the solids vol-
ume fraction on the sedimentation velocity is negligible in
this regime. Hence, the Richardson–Zaki law is not imple-
mented in the calculation of the sediment build-up. Never-
theless, the hindered settling function increases from 1 3

109 up to 2.5 3 1010 Pa s/m2 in the examined regime. The
parameters r1 and r2 are obtained via the curve fit and are
implemented in the transient modeling of the sediment
compression.

Results and Discussion

Solid-bowl centrifuge

The model is validated by comparing the experimentally
determined grade efficiency and grade efficiency curve with
the calculated separation behavior of SF 800 Quartz in the

industrial solid-bowl centrifuge. In this case, the consolida-
tion of the solids is not taken into account, because the sedi-
ment does not grow into the boundary layer and, thus, has
no effect on the separation efficiency. The width of the
boundary layer flow was determined by CFD and is between
10 and 30 mm. The disturbances of the inlet subside 4 cm
after the inlet. This length is considered as a turbulent region
and the settling of particles begins after this zone.

Prediction of the Separation Efficiency. Figure 7 shows
the comparison between the calculated and experimentally
determined separation efficiency as a function of the volume
flux. The experiment at 2550 rpm was repeated thrice to
investigate the experimental variability. The data plotted
show the mean values and the standard deviation is stated
via the error bars. The calculated values slightly overesti-
mate the grade efficiency. The deviation is 16.78% with a
standard deviation of 2.68%. The calculated values overesti-
mate the experimental ones most likely, because a fully
developed boundary layer flow with an ideal profile within
the layer is assumed. The 3-D CFD simulations30 show that
the width of the boundary layer depends on the angle of
rotation, because baffles in the centrifuge cause disturbances.
Furthermore, the changing efficiency of the acceleration

Figure 5. Relationship between applied pressure and
solids concentration in sediment.

Table 1. Parameters of Compressive Strength and Hindered

Settling Function

Product r1 (Pa s/m2) R2 p1 (Pa) P2

Aerosil
200

5.71 3 1013 1.17 7222 5.28

Kaolin 8.41 3 1010 0.67 Incompressible Incompressible
SF 800 3.44 3 1010 0.37 Incompressible Incompressible
Yeast 8.28 3 108 218.89 140,980 1.85

Figure 6. Normalized sedimentation velocity and hin-
dered settling function for yeast cells.

Figure 7. SF 800: Separation efficiency vs. volume
flux—comparison of calculated and experi-
mental results; experimental data with per-
mission from Romani.33
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system of the centrifuge with increasing volume flow and
rotational speed causes a lag in tangential velocity of the
incoming suspension close to the inlet of the centrifuge. The
deviation of the model increases with these parameters.

The cumulative separation efficiency, as shown in Figure
7, is an important result that allows determining whether a
product is separated in a centrifuge or discharged via the
overflow. The grade efficiency curve T(x) further allows the
detailed analysis of the apparatus for classification tasks. The
calculated, experimentally determined, and ideal grade effi-
ciency curves for two different throughputs are shown in
Figure 8. The ideal curves result from the calculation of the
cut size by neglecting the distribution of solids in the bound-
ary layer flow. Taking this distribution into account, the typi-
cal, s-shaped grade efficiency curves are obtained. A
comparison with the experimentally determined curves show
deviations, but a significantly more accurate behavior is
determined than in the case for the ideal ones.

Modeling of Several Subsequent Cycles. The solid-bowl
centrifuge has a maximum solids load of 12 kg. When this
amount is reached, the centrifuge has to be stopped. The
batch time can be calculated using the proposed model as
shown in Figure 9. The diagram shows four cycles of the

centrifugation process with a solids volume concentration of
0.02% and a constant throughput of 50 L/min, with the cor-
responding rotational speed plotted on the secondary axis.
One cycle consists of bowl acceleration at 2000 rpm/min,
start of suspension clarification, stopping of feeding, spin
down to 1040 rpm, discharge of the supernatant, spin down
to standstill, and discharge of the solids. The duration of the
discharge may depends on the material and fill level. For
grinding swarf and minerals, the discharge requires approxi-
mately 2 min.

While the duration of the centrifugation depends on the
solids concentration of the feed, the throughput and the
grade efficiency, the spin up and spin down times, superna-
tant and solids discharge are constant. With increasing solids
concentration, the ratio between centrifugation and discharge
time decreases. Figure 10 shows the same process as Figure
9 but with a solids volume concentration of the feed of 1%.
The cycle time decreases from 5.8 h to 13 min. The model
presented here helps to find the appropriate size of the cen-
trifuge to optimize the ratio between process and setup time
depending on the properties of the suspension.

Evaluation of the Influence of the Flow Profile on the Sep-
aration Efficiency. According to Figure 7, the simulation is
in good agreement with the experimental data. For the calcu-
lations, a linear flow profile in the boundary layer flow was
assumed. Due to the small width of a few millimeters and
the high circumferential velocity in the centrifuge, the real
profile cannot be measured with hot wire or Laser-Doppler-
Anemometers.34 A comparison of the predicted separation
efficiency using different flow profiles in the boundary layer
flow with the experimental data is shown in Figure 11. The
flow profiles are plotted in the inset of Figure 11. The width
of the boundary layer flow was determined by means of
CFD.30,35 For comparing the influence of the flow profile,
the width was set constant at a value of 30 mm in all calcu-
lations, which are presented in Figure 11.

The flow profile influences the velocity of the particles at
a certain radius. While the axial velocity will be constant if
a plug flow is assumed, it will decrease linearly or quadrati-
cally with the radius in the case of the other flow profiles.
However, the overall influence on the grade efficiency is
small, so that the assumption of a linear flow profile will
cause no significant deviation of the predicted values if com-
pared to the experimental data.

Figure 8. SF 800: Grade efficiency curve for 2550 rpm
and two throughputs—comparison of calcu-
lated and experimental results; experimental
data with permission from Romani.33

Figure 9. Calculated fill level U (Eq. 14) SF800, 50 L/min
throughput, cV 5 0.02%.

Figure 10. Calculated fill level SF800, 50 L/min through-
put, cV 5 1%.
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Tubular-bowl centrifuge

The separation of fine particulates requires high separation
forces. These are achievable with tubular-bowl centrifuges.
The following section presents the prediction of the deslim-
ing process of a kaolin suspension, the separation of colloi-
dal silica and the settling of yeast cells. Selected computed
values are compared with experimental results to validate
the methodology.

Desliming of Kaolin. Kaolin is widely used in the paper
industry as mineral filler in the coating of the paper. The
particles reduce the transmissibility of light. The experience
in industrial application is that if the particles are too small,
the transmissibility will be too high, due to light transmis-
sion through the thin, disc-shaped particles. The aim of the
desliming is the reduction of particles below 500 nm.
Although not presented here, a comparison of the transmissi-
bility of the paper sheets made of untreated and classified
suspension will prove whether the assumption is correct or a
different mechanism causes the increased transmissibility.

Figure 12 shows the initial particle-size distribution of the
untreated and the deslimed kaolin suspension below 1 mm
particle diameter. The overall particle-size distribution is
plotted in the upper left corner of the figure. The desliming

process was simulated at a rotational speed of 10,500 rpm
and a throughput of 1 L/min. The separation efficiency is
50% with these parameters. The simulation predicts a reduc-
tion of the fine fraction below 500 nm of 56%. Due to the
low separation efficiency and the distribution of the particles
in the boundary layer flow (see Figure 2), particles up to
2 mm are dragged out of the centrifuge with the overflow.
Nevertheless, the desliming of the fine kaolin suspension
with the tubular-bowl centrifuge is successful. This has been
validated with experiments.36 The relative deviation of the
predicted and experimentally determined reduction of the
fine fraction equals 13.2%.

Comparison of the Equilibrium and Time-Dependent Solu-
tion. The calculation of the consolidation including the
time-dependency of the hindered settling function increases
the computational demand significantly. If the rate of bed
consolidation is slower than the rate of addition of new sol-
ids to the bed (which is dependent on the process conditions
and material properties), the time-dependency of the consoli-
dation is negligible and the equilibrium solution can be used.
The evaluation is possible by comparing the equilibrium so-
lution of the solids concentration in the sediment /eq with
the transient calculation /(Tend). A comparison of these pre-
dictions is shown for Aerosil 200 in Figure 13. The solids
concentration of the sediment is plotted vs. the dimensionless
sediment height. The volume of the solids, which is the area
under the lines, increases with time. Due to the increasing
weight on the particle network, the sediment consolidates
and the solids concentration increases. The last profile plot-
ted is the solids concentration of the sediment at the
moment, where all solids have settled and ZS equals zero. If
the sediment is not in its equilibrium state, further consolida-
tion takes place and the profile changes until equilibrium is
reached. The equilibrium profile matches the transient solu-
tion well (the dotted line and the dashed line are overlap-
ping). Hence, the equilibrium state of the cake regarding the
solids concentration can be used for the simulation.

Figure 14 shows the height of the sedimentation zone and
the growth of the sediment vs. the dimensionless time. The
difference between the sediment height at the very moment
where all particles have settled (ZS 5 ZC) compared to the
height at equilibrium ZC1 is 3.5% and thus negligible.

Figure 12. Prediction of the desliming of Kaolin at
10,500 rpm and 1 L/min.

Figure 13. Comparison of equilibrium and time-de-
pendent solution of the consolidation of
Aerosil 200 sediment.

Figure 11. Predicted separation efficiency with differ-
ent flow profiles in the boundary layer flow
and experimental values.
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The deviation between the equilibrium and time-dependent
solution for the cases presented is small, so that it is accepta-
ble to use the equilibrium solution for modeling the consoli-
dation of the sediments during the semibatch. This reduces
the computational time by approximately 98%.

Prediction of the Centrifuge Performance for Aerosil 200
and Yeast. The comparison of the time-dependent and equi-
librium solutions yielded a small difference between both
approaches such that the equilibrium solution can be used
for the calculation. Figure 15 shows the product loss for
Aerosil200 for a rotational speed of 40,000 rpm and different
throughputs. The comparison between the experimental
results with the predictions that takes the compressibility
into account (cons.) yields a good agreement. The predic-
tions without the calculation of the sediment consolidation
(no cons.) result in an early increase of the product loss. The
difference between both models is indicated via the two hor-
izontal arrows.

The predicted product loss is smaller than the experimen-
tally determined one, so that more solids are accumulated in
the centrifuge during the same time interval. Hence, the pre-
dicted batch time is shorter than observed in the experiments.

Nevertheless, the deviation between predicted and true batch
time and product loss are small when compared to the overall
batch time and product loss. The capacity of the centrifuge is
reached earlier when neglecting the consolidation due to the
lower solids content of the sediment. Hence, the calculations
which take the compressive strength into account increase the
accuracy of the prediction of the separation of Aerosil 200.

The advantage of the model presented is the possibility to
predict the particle-size distribution of the fine and coarse
fraction. These are shown in Figure 16 for Aerosil 200 after
calculating the classifying at 40,000 rpm and 0.1 L/min
throughput. The product loss is 6% only. Due to the high
separation efficiency, only the finest particles are swept out
of the centrifuge and, thus, the overflow exhibits a narrow
particle-size distribution. Due to the small fraction that is
removed from the feed, the particle-size distribution of the
sediment is similar to the one of the feed.

The calculated sediment build-up is compared with the
experimentally determined build-up in Figure 17 for Aerosil
200 at a rotational speed of 40,000 rpm and a throughput of

Figure 14. Calculated height of sedimentation zone
and sediment consolidation vs. dimension-
less time.

Figure 15. Product loss for Aerosil 200 vs. time—com-
parison of prediction and experimental
results; 40,000 rpm, 0.5 L/min, and 1 L/min.

Figure 16. Simulated particle-size distribution for Aero-
sil 200 of the feed, overflow (fine fraction),
and sediment (coarse fraction).

Figure 17. Sediment build-up of Aerosil 200 in the tu-
bular-bowl centrifuge at 40,000 rpm and 0.5
L/min throughput—comparison of predic-
tion (below) and experiment (top).
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0.5 L/min. The picture was obtained by halving the sediment
and taking a picture with a digital camera. The sediment sur-
face is plotted for every 120 s below the picture. The distri-
bution of solids at a fill level of 98% is highlighted with the
thicker line. The sediment build-up exhibits a conical section
with a high sediment angle close to the inlet, which is
located at the left side, and a conical distribution with a
small sediment angle throughout the remaining cylinder. The
realistic prediction of the sediment build-up validates the
proposed model.

Figure 18 shows a comparison of the experimentally deter-
mined sediment build-up of yeast cells with the predicted
sediment growth. The upper picture was obtained with MRI.
The prediction takes the consolidation of the sediment into
account. It agrees well with the real sediment growth.

The product loss of yeast for a constant throughput of 1
L/min and rotational speeds ranging from 10,000 to 40,000
rpm is shown in Figure 19. The results obtained by neglect-
ing the consolidation of the sediment are compared with the
simulations using compressional rheology. The product loss
decreases with increasing rotational speed. This is due to the

increased centrifugal acceleration acting on the settling yeast
cells. The steep increase of the product loss curves are
caused by the narrow particle-size distribution of the prod-
uct. At the very moment, where the residence time in the
centrifuge is not sufficient to allow the settling of most of
the yeast cells, they are swept out of the centrifuge. Due to
the sediment build-up, the residence time further decreases.
Therefore, the cut size of the centrifuge exceeds the maxi-
mum particle size of the cells quickly, causing the sharp
increase of the curves. This behavior is not distinctive at
10,000 rpm, because the centrifugal acceleration is not suffi-
cient to capture most of the suspended cells. Hence, the cells
settle throughout the length of the rotor, forming an almost
homogeneous distributed sediment. Thus, the reduction of
the residence time affects the product loss over the entire du-
ration of the batch, but the changes are less pronounced.

The consolidation of the settled yeast cells influences the
fill level of the centrifuge. Whilst the compression is almost
negligible at 10,000 rpm, the difference in batch time at

Figure 18. Sediment build-up of yeast cells in the tubu-
lar-bowl centrifuge at 20,000 rpm and 1
L/min throughput—comparison of prediction
(below) and experiment (top).

Figure 19. Product loss for yeast cells vs. time—com-
parison of predictions with and without
consolidation.

Figure 20. Separation of Aerosil 200; left ordinate: resi-
dence time s (Eq. 5) against time; right ordi-
nate: rotational speed of centrifuge against
time.

Figure 21. Calculated separation of Aerosil 200; left
ordinate: grade efficiency against particle
size for fill levels U of 20 and 80% at con-
stant rotational speed (n c.) of 40,000 rpm
and fill level dependent speed (Dn).
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40,000 rpm is significant. Neglecting the consolidation causes
a deviation of the predicted batch times of 20%. Although
the experimentally observed consolidation at 40,000 rpm was
higher, the prediction is in good agreement with the experi-
mental data for all rotational speeds. The experimentally
determined separation behavior was published in a previous
article.4 The deviation between predicted and experimentally
determined batch time equals 5% at 15,000 rpm and 20% at
40,000 rpm when taking the consolidation into account. By
using the validated model, it is possible to calculate the sepa-
ration of biosuspensions in alternative solid-bowl centrifuge
designs and modes of operation, as long as the suspensions
are well characterized.

The results presented show a significant dependence of the
separation efficiency on the fill level of the centrifuge. If the
rotational speed and the throughput are held constant during
the batch, the grade efficiency will decrease and, thus, it is
not possible to ensure constant particle classification. The
loss in residence time due to the sediment build-up can be
compensated by increasing the rotational speed, as depicted
in Figure 20. The rotational speed compensates for the
decreasing residence time and keeps the separation efficiency
constant. The dramatic decrease at 2 min is caused by the
sedimentation of solids in the acceleration zone of the centri-
fuge. The sediment growth decreases the thickness of the
boundary layer flow as mentioned in the section describing
the distribution of the solids. This effect is included in the
model presented and has been observed in simulations and
experiments.5,37

When keeping the rotational speed constant, the grade effi-
ciency T(x) shifts from small particle sizes at a fill level of
20% to coarser particles at a fill level of 80% as shown in
Figure 21. If the rotational speed is controlled with the resi-
dence time, the overall separation behavior of the centrifuge
remains constant and, thus, the grade efficiency curves at
both fill levels are congruent to each other. Therefore, the
regulation of the rotational speed is suitable to compensate
the disadvantage of the semibatch apparatus.

However, the measurement of the fill level during the batch
is only feasible by measuring the product loss via, for exam-
ple, a turbidity sensor. The rotational speed will be increased
if the turbidity of the overflow increases. The rotational speed
is necessary for keeping the product loss and, thus, the grade
efficiency constant are plotted in Figure 20. The maximum
rotational speed exceeds 150,000 rpm, which is above the
maximum rotational speeds of state-of-the-art tubular-bowl
centrifuges. Nevertheless, rotational speed up to 80,000 rpm
are feasible with high performance materials for the rotor and
magnetic bearings. This leads to a constant process for 87%
of the batch time for the example shown in Figure 21.

Conclusions

The model proposed allows the calculation of the sedi-
ment build-up in solid-bowl centrifuges, as long as no inter-
nal conveying systems are present. The parameters are the
rotational speed of the centrifuge, the throughput, solids or
volume capacity, the particle-size distribution of the solid
phase as well as the properties of the suspension as viscosity
and solids volume fraction. The prediction of the consolida-
tion requires the knowledge of the compressive strength and
hindered settling function of the sediment (the latter is not
necessary for the equilibrium solution). By calculating the
volume and mass of the sediment during the semibatch, the

process cycle time and efficiency is determined. This model
may assist in choosing the most suitable centrifuge for a spe-
cific application. The influences of the fill level on the flow
pattern are taken into account, which significantly improves
the accuracy of the calculated process outcomes with the
experimentally measured performance than it would be the
case if only the cut size will be calculated. If the sediment
influences the residence time, the consolidation of the sedi-
ment reduces the influence on the flow pattern and has to be
taken into account for fine particulate systems and biological
products. The consolidation of the sediment is calculated by
applying a 1-D model for discrete elements in the axial
direction and integrating over the length of the centrifuge.
Taking the consolidation into account improves the accuracy
of the prediction when compared with the experimentally
observed separation efficiency and sediment build-up. It is
possible to calculate the particle-size distribution of the over-
flow and the sediment and, thus, predict the classifying per-
formance of a centrifuge. Due to the flow pattern and the
distribution of the solids throughout the cross-sectional area,
the grade efficiency curve exhibits the typical s-shape instead
of the theoretical rectangular shape when calculating the cut
size of the centrifuge.

The model presented allows the modeling and optimiza-
tion of process parameters in order to obtain constant separa-
tion or classification behavior throughout the duration of the
semibatch. Increasing the rotational speed or reducing the
throughput compensates for changes in the grade efficiency
due to the sediment fill level of the apparatus.
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Notation

Symbols
A = surface area, m2

B(U) = dimensionless hindered settling function, –
c = concentration, –
d = width, m

Dl = width of single compartment, m
Dt = timestep, s
L = axial component of settling path, m
L0 = reduced length, m
L0 = length of rotor of centrifuge, m
n = rotational speed, min21

p* = pressure scaling, Pa
p1 = constant of compressive strength function, Pa
p2 = constant of compressive strength function, –

py(U) = compressive strength, Pa s
Py(U) = dimensionless compressive strength, –
Q3(x) = cumulative sum size distribution by mass

r = radius, m
R(U) = hindered settling function, Pa s m22

r1 = constant of hindered settling function, Pa s m22

r2 = constant of hindered settling function, –
t = time, s

T = dimensionless time, –
T(x) = grade efficiency, –

u = solids bulk velocity, m s21

U = fill level, –
v = axial fluid velocity, m s21

V = volume, m3
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_V = volume flux, m3 s21

w = settling velocity, m s21

W = relative width of the boundary layer, –
x = particle diameter, m
Z = dimensionless height, –

ZC = dimensionless height of sediment, –
ZS = dimensionless height of settling zone, –

D(U) = solids diffusivity, –
Dq = density difference between solids and liquid, kg m23

g = dynamic viscosity, Pa s
s = residence time, s
U = solids concentration in sediment
W = dimensionless solids flux, –
x = angular velocity, s21

Indices
0 = initial condition
1 = infinite solution, equilibrium
bl = boundary layer

boundary = end of boundary layer flow
bowl = bowl of centrifuge

cap = capacity
end = end of simulation
full = capacity of centrifuge reached

g = gel
j = weighted number

pool = surface of the rotating pool in centrifuge
sed = sediment

solids = solids in compartment
Stokes = settling in Stokesian regime

V = volume weighted
weir = weir of centrifuge

xi = volume in feed of Dx
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